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Abstract

In this paper, the authors investigated the relation between the Weyl’s projective
curvature tensor and some tensors, where the tensor le}m satisfies a generalized
four recurrent property with respect to Cartan’s covariant derivative. We call this
type of space a generalized W"-four recurrent Finsler space and denote by GW "-
FRE, .
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1. Introduction

Rund [27] introduced and studied A3-dimensional Riemannian space of recurrent. The
generalized curvature tensors in recurrent Finsler space for first, second and third order by
using the sense of Cartan’s covariant derivative was discussed by ([3], [8], [11], [12], [15],
[22], [23] and [24]). Some properties for Weyl's projective curvature tensor were studied by
AL-Qashbari [7], Ahsan and Ali [1], Abu-Donia, Shenawy, and Abdehameed, [2], Emamian
and Tayebi [15] and Qasem and Saleem [26]. The generalized birecurrent, trirecurrent Finsler
space and higher order recurrent were studied in ([5], [6], [14], [17], [18], [20] and [25]).
Also, Ahsan and Ali [4] introduced the curvature tensor for the spacetime of general
relativity. Complete Finsler spaces of constant negative Ricci curvature was studied by
Bidabad and Sepasi [13]. Qasem, and Saleem, [26] studied on Wjﬁh generalized birecurrent
Finsler space, W'-recurrent space. Decomposability of projective curvature tensor in
recurrent Finsler space was studied by AL-Qashbari [9], Al-Qufail [10] and Thakur, Mishra,
Lodhi [28] and others.
Let the components of the corresponding metric tensor and Berwald's connection coefficients be

denoted by 9;; and Gjik respectively. These are positively homogeneous of degree zero in the
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directional arguments. Due to their homogeneity in the directional arguments, we have their

lower indices. The vectors y; and y‘satisfy the following relations [27]
Q) yi=gyy . b) yiy'=F?, ¢ §y =y and d) y,=0. (1.1)

The two sets of quantities g;; and its associate tensor g are related by [27].

. 1, if i=k
gtk = 5k = ’ ’
) aye=et={y" o Lk (12)
b) g” =0 and ) g, =0
The tensor C;jj, defined by
Cijke = %81- 9jk = ia’ia'jak F%, isknown as (h) hv-torsion tensor [27]. (1.3)

The (v) hv-torsion tensor C}% and its associate (h) hv-torsion tensor C; jk are related by [27].
a) Chy/ =Cijy/=0 and b) Cjy/ =0. (1.4)
Cartan’s covariant derivative of the metric function and the vector y* vanish identically, i.e.
a) I' =0 and b) F,=0. (1.5)
The tensor W; 7n 15 known as projective curvature tensor (Weyl’s projective curvature tensor),
the tensor Wjﬁ( is known as projective torsion tensor (Weyl’s torsion tensor) and the tensor Wji

is known as projective deviation tensor (Wely’s deviation tensor) are defined by

. . 25t
ien = Hjien + +]1)H[hk] n +1)3 Hyen + 52 1)(th + Hpj + y"0;Hny (1.6)

5t .
- (nzil_) (n Hy + Hyj + yraijr) )

yi

e = Hje + 5o Huje + 2{( 25 (W Hig =y Hig ) } (1.7)
And
W} =H/ —H & — - +1) (0,H] —0;H) y" , respectively. (1.8)

The tensors jl}(h , j‘k and W} are satisfying the following identities
a) ijlkh y/ =Wz, and b) W'gc y=wi . (1.9)
The projective curvature tensor ]kh Is skew-symmetric in its indices k and h.

The Berwald curvature tensor H]-‘kh has the torsion tensor Hj, and deviation tensor Hji
which arise from the covariant differentiation in the sense of Berwald.

Where the tensors H}kh and H,ih form the components of tensors, and are defined by
a) Hjikh = Op jik + Gy Gyp + Grjh G — ak Gjih — Gjn Gric = er Gp and

b) Hip = 0n G + G Cip — 0x G, — Gf; Clye (1.10)
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Contraction of the indices i and h in (1.11a) and (1.11Db), we get the following

a) Hy,=Hy , b) Hy=H, , ¢ Hyy =H, and d) H,y*=-H . (111)
Cartan’s third curvature tensor R}kh , the R-Ricci tensor Rj; in sense of Cartan. The h(v)-
torsion tensor H., , the deviation tensor H. , the curvature vector H, and the scalar
curvature H in sense of Berwald, is given by [27].

a) Ry =itk + (T0h) Gh + C (Gl — GRLGE) + Ty Tt — k/hx (1.12)
b) Rhny’ =Hip , ©) Ry’ =He , d) Ruy*=R; , e Ri=R , ) Ry, =Ry,
9) Hi=m-1DH , h) giRjxn =Rjrkn . 1) gurR} =Ry and j) Ryeg’* =R .

The tensor Krikj as defined above is called Cartan’s fourth curvature tensor. This tensor is

positively homogeneous of degree zero in the directional argument and skew- symmetric in

its last two lower indices k and j, i.e.

) Khj=0;Te+ (0, 1F)Gp+ o Te —j/k and b) Kfp ==Ky - (1.13)

The curvature tensor Kj, satisfies the following relation too
a) K]lkh y/ =H, and b) Hjikh = Kjikh +y™( aj Khkn) - (1.14)
Ricci tensor Kj, , curvature vector K; and curvature scalar K of curvature tensor j"kh are
given by
a) jiki= ik + b) Kpy*=K , c) Kxy’=H, and d) Ky g/*=K . (1.15)
2. On Generalized W"-Four- Recurrent Space

In a non-flat Finsler space E, , if there exists a non-zero covariant vectors A, and u,
whose components are positively homogeneous functions of degree zero in x!, such that the
curvature tensor jl}(h , Which satisfied the following generalized recurrent Finsler space
le;(h,g = 2 Wiin + e (84 9jic — 8k Gjn) - (2.1)
Where j‘}m # 0 and the quantities A, and u, are non-zero covariant vectors field with
respectto x' and we called it the generalized W "™-recurrent space.

From (2.1), the tensor Wjﬁch satisfied the following generalized birecurrence condition

Vl/jl;cmﬂm = apmWiin + bem(8£9x — 8k9jn) - (2.2)
Where 1#im is h-covariant derivative of second order with respect to x? and x™
successfully, where jl}(h #0, apm = (ayy,t+Aedy) and by = (Ap i + Uyy,),  the

quantities a,,, and b, are non-zero covariant vectors field and called it generalized W"-

birecurrent space.

* —j/k means the subtraction from the former term by interchanging the indices k and h.
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Taking h-covariant derivative of (2.2), with respect to x™ and using (1.2c), we get
M/jichlflmln = afmanle}Ch + af’mvngchm + b#mln(g;;gjk - Slig]'h) : (2-3)
In view of (2.1), the equation (2.3) yields

i

M/jkmmmm = a€m|nw/j§<h + afm{)ln‘/‘/jl}ch + Mn(6lizgjk - 5licgjh)} + b{’m|n(8iilgjk - 6Iigjh)-

(2.4)
Which implies

Where 1£imin is h-covariant derivative of third order with respect to x* ,x™ and x"
successfully, comn = (@pmn + @emAn) aNd dppy = (@pmpin + bpp,) are NON-zero covariant
tensors fields of third order, called recurrence tensors field.
3. Certain Generalized of Fourth Order in GW"-FRF,

In this section our work in this proposal is defined as Certain generalized tensor of
fourth order in GW"-FRF,, , where |£imInls is h-covariant derivative of fourth order in the
sense Certain with respect to x¢ , x™, x™ and x°.

Taking h-covariant derivative of (2.5), with respect to x* and using (1.2c), we get

Vle;Chlflmlnls = Ct’mnlsvvjl}(h + Cf’mnvvjl;cms + dt’mms(aiiz Ijrx — 6Iic 9djn) - (3.2)

In view of (2.1), the above equation can be written as

M/jl;chlflmlnls = szmstl}ch + Cemn{ﬂstfrch +us(8kgjx — 6kgjn)} (3.2)
+ dlmn|s(8iilgjk - 6ligjh) :

Which implies

M/jl;(h|[|m|n|s = QomnsWikn + bemns (81951 — 6k 9jn) - (3.3)

Definition 3.1. A Finsler space for the tensor Wjﬁch is known Weyl’s projective curvature

tensor and satisfies the condition (3.3), and it will be called generalized four recurrent Finsler

space. We shall call a generalized W -four-recurrent space and is denoted by GW "*- FRF,, .

Result 3.1. Every generalized W"-recurrent space is generalized W -four recurrent space.
Transvecting (3.3) by y’ using (1.1e), (1.9a) and (1.1a), we get

Wkihlg,mm,s = QmnsWin + bimns (61 Yie — 61 V) . (3.4)
Again, transvecting (3.4) by y* using (1.1e), (1.9b) and (1.1b), we get

W} = Qs Wi + bynns(F2 — 1) 8}, . (3.5)

hifiminis

Thus, we conclude
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Theorem 3.1. In GW"-FRF,, , Wey’ls projective covariant derivative of forth order for the
curvature torsion tensor W, and the curvature deviation tensor W are given by (3.4) and
(3.5), respectively.

Transvecting condition (3.3) by g; using (1.2c), (1.1d) and g;,- jl}ch = Wipkn » We get

W irinermms = QmnsWirkn + bimns(9rn 9jx = Gier Gjn) - (3.6)
Thus, we conclude

Theorem 3.2. In GWP-FRF,, , the associate curvature tensor W;,,;, of the projective curvature
tensor jl}ch is given by the condition (3.6).

4. Relation Between Weyl’s Curvature Tensor and Other Curvature Tensors

In this section, we shall find the relation between Weyl’s curvature tensor le}m and
some tensors to be generalized fourth recurrent Finsler space in sense of Cartain.

We know that Weyl’s projective curvature tensor jl}ch and Cartan's four curvature tensor
R}'kh are connected by the formula

Wiin = Riin +§ (8kRin — gjiRL) - (4.1)
Taking the h-covariant derivative of fourth order for the formula (4.1), x!, x™, x™ and x¥,

successively, we get
i _ pi 1 i i
ijkhl{’lmlnls - Rjkhlt’lmlnls + 3 (612 Rin = gji R;l)|€|m|n|s . (4.2)

By using the condition (3.2) and the formula (4.1) in (4.2), we get

. 1. . . . .
Armns (R;kh + § (6;( th —Yjk Rlll)> + bfmns(6;l Ijk — 6;( gjh)

i 1 i .
B R;kh|£|m|n|s * 5(5;( th L R’l‘)|£’|m|n|s ) (4.3)
Which implies

. . , _ ) ' |
Rinermimis = GemnsRjkn + bemns (8 Gjic = Sk gjn) + 5 @emns (8k Rin — gji Ri)
1 P .
3 (6;( Rin = gy R’ll)lflmlnls ' (4.4

This shows that
R;khlflmlnls = afmnsR;kh + b{’mns(&i Ijn — 5;; gjk) . (4.5)
If and only if
(6;( th L R’il)lt’lmlnls = Gemns (61i th —Yjk Rill) ' (4.6)

Thus, we conclude
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Theorem 4.1. In GW" | Cartan’s fourth curvature tensor R}kh is generalized four recurrent
Finsler space if and only if the tensor (8. R;, — g;R},) is four recurrent Finsler space.

Transvecting (4.4) by y’ using (1.1e), (1.12b), (1.12c) and (1.1a), we get
H,lch|g|mm|s = a#mnsHllch + b[mns(S;l Yk — 6;{ yh) + ga{’mns((slchh — Yk Rfll) (4-7)
1, .
— (8kHn — yi Rp)

This shows that

iminis

Hlichlflmlnls = Qymns Hlich + bf’mns(&i Y — 6lic Yh) . (4.8)
If and only if
(8% Hn — yic R)

Thus, we conclude

\erminis aemns((g’i(Hh — Yk Rfll) ' (4.9)
Theorem 4.2. In GW"-FRF,, , the h-covariant derivative of the four order for the torsion

tensor HL, (of curvature tensor jikh ) is given by the condition (4.8) if and only if the tensor

(8£Hy, — yyR}) is four recurrent Finsler space.

Further, transvecting (4.7) by y* using (1.1€), (1.11c), (1.1b) and (1.1d), we get
Hi

hi€iminis

. . 1 . .
= Q¢mns Hill + b{mns(F2 - 1) 6;1 - ga#mns (Hh yl - FzRill) (4-10)

+ = (Hyy' — FR})

iminis

This shows that

Hiiu{’lmlms = Aymns Hli1 + bi’mns(Fz -1 6}1 . (4_11)
If and only if

(Hh yi — F? R;l) = a{’mns(Hh yi - FZRiil) . (4-12)

Thus, we conclude

IYiminls

Theorem 4.3. In GWP-FRF,, , the h-covariant derivative of the four order for the deviation
tensor HY is (of Wey’ls projective curvature tensor Hjikh ) is given by the condition (4.11), if
and only if the tensor (Hh yt— FZR;'l) is four recurrent Finsler space.

Contracting the indices i and h in equations (4.7) and (4.11) using (1.11a), (1.11b), (1.2a),
(1.1d), (1.1b), (1.12¢) and (1.12g), we get

Hyoimimis = GemnsHi + (0 — D)bpmns Vi + %at’mns(Hk —ykR) — % (He = Yk R) pimimus -
(4.13)

This shows that
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Hypmmums = GemnsHie + (= Dbomns Yie - (4.14)
If and only if
(Hk — Yk R)|€|m|n|s = a[mnS(Hk — Yk R) (415)
and
H = QpmnsH + == bpns(F2 = 1) + 3 Qpyns (H — —=F?R) (4.16)
If1minis tmns (n-1)  tmns 3 Ytmns (-1 .
1 1
—=|\H - F?R

3 ( (n-1) )It’lmlnls
This shows that
H pimimis = Gomns H + ﬁbt’mnsaﬂ -1). (4.17)
If and only if
Hypimims = Qemns H - (4.18)
And
(F2R), pimims = @emns(FZR) . (4.19)

The equations (4.14) and (4.17) show the curvature vector H, and the scalar curvature H
cannot vanish because the vanishing of any one of them would imply bpn,s =0 ; a
contradiction.

Thus, we conclude

Theorem 4.4. In GW"-FRF,, , the curvature vector H, and the scalar curvature H are given
by the conditions (4.14) and (4.17) if and only if the tensors (H, — yx R), H and (F?R) are
four recurrent Finsler space, respectively.

Further, transvecting (4.4) by g;,- using (1.2c), (1.12h) ,(1.1d) and (1.12i), we get

Rjrkh|£’|m|n|s = Qymns Rjrkh + b{’mns (ghrgjk - gkrgjh) (4-20)

+ % armns( GierRin — GjiRen) — é ( GrrRin — gjkRrn)

iminis

This shows that

Rjrkhll’lmlnls = A¢mns Rjrkh + b{’mns (ghrgjk - gkrgjh) . (4-21)
If and only if

armns(GirRin — 9jkRen) = (GrrRin — gijrh)mmmls (4.22)
Thus, we conclude

Theorem 4.5. In GW"-FRF,,, the associate curvature tensor Rjpkn is given by the condition
(4.21) if and only if the tensor (gx,Rjn — gjxRrn) is four recurrent Finsler space.

Contracting the indices i and h in (4.4) using (1.12f), (1.2a), (1.1d) and (1.12d), we get

1
Rjk|{|m|n|s = a{’mnstk +(n—-1) bemns gjr + galmns (Rjk - gij) (4.23)
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- § (Rik — gjkR)

ieminis
This shows that
Rijioimims = QemnsRix + (0 — 1) bpmns Gjic - (4.24)
If and only if
(R — gij)l#lmlnls = Qmns (Rix — 9jxR) - (4.25)

Transvecting (4.23) by g’* using (1.2b), (1.12j) and (1.2a), we get

Ritimims = @emnsR + 100 = 1) bon + 35 Qimns 1 =R =5 (A =1)R) , . (4.26)
This shows that

Ripimumis = QemnsR + Qumns n(n — 1) bpmps - (4.27)
If and only if

Rpimmis = Gumns R (4.28)

The equations (4.23) and (4.27) show that the Ricci tensor Rj, and the scalar curvature R
cannot vanish because the vanishing of any one of them would imply a,nns =0 ; a
contradiction.

Thus, we conclude

Theorem 4.6. In GW"-FRF,,, the Ricci tensor Rj, and scalar curvature R are non-vanishing
if and only if the tensors (Rjk —gjk R ) and R are four recurrent Finsler space, respectively.

It 1s known that Cartan’s third curvature tensor R}kh and Cartan’s fourth curvature tensor

Kjikh are connected by the formula ([16]).

Riin = Kfen + Cl-Hie - (4.29)
Using the condition (4.28) in (4.1), we get

. . . 1 . .

i = Kfen + CirHiie +5 (8 Rin — gjc RE) - (4.30)

Taking the h-covariant derivative of fourth order for the formula (4.29), x!, x™, x™ and x¥,

successively, we get

i _ i . 1 . .
ijkhh?lmlnls - I(jkhlt’l‘mlnls + (CJlTHiqk )I{’Imlnls + 5(5116 Rjn = ji R’ll)|£|m|n|s . (4.31)
Form equation (3.3) and using the condition (4.30), we get
. . 1 . . . .
Apmns (I(]lkh + lerHi?;k + g ( Sllc th - gjk Rilz )) + bémns((sillgjk - é\litgjh) (4-32)
_ i . 1 . .
N kah'f'mlnls + (CferfT‘k )It’lmlnls + 3 (6;‘ Rin = G R’l")|£’|m|n|s '

Which can be written as
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K]lkmgm“ms a#mnsKjikh + bfmns(6}izgjk - 6Iicgjh) + a{’mns(cjirHirLk) (4-33)
. 1 . .
+_3a#mns(6llc Rin = g Rh) = (GiHik ), =5 (8k Rin = Gk R s

This shows that

Kjikh|€|m|n|s = Aymns K]lkh + bt’mns(afilgjk - 6If',gjh) : (4-34)
If and only if

(GrHhi) .= Gemns(CirHi) (4.35)
and

(8iR;n — g,k R}) = Apmns(BLRjn — gjxR}) -

Thus, we conclude

[{iminls

Theorem 4.7. In GW" , Cartan’s fourth curvature tensor ]kh is generalized four recurrent

Finsler space if and only if the tensors (C/.Hy,) and (64R;, — g;xR},) are four recurrent

Finsler space, respectively.
Contracting the indices i and h in (4.33) using (1.15a), (1.2a), (1.1d) and (1.12d), we get

. 1
Kjklt’lmlnls = Qimns Kjk + blmns(n - 1) gjk + almns(Cerlek) + §almns (Rjk - gjk R)

( jr lk)lflmlnls ( g}k )It’lmlnls . (4.36)
This shows that
Kikomims = @umns Kjx + bimns(n —1) gjic - (4.37)
If and only if
(C]'iTH{k)mmmls = Aimns (C}irH{k (438)
and

( —Yjk )I{’Imlnls = almns(Rjk - gij) .
Thus, we conclude
Theorem 4.8. In GW"-FRF,, , the Ricci curvature tensor Ky for (Cartan’s fourth curvature
tensor Kkh) is generalized four recurrent Finsler space if and only if the tensors (CjirH{k) and
(Rjx. — g;xR) are four recurrent Finsler space, respectively.
Transvecting (4.35) by y* using (1.1€), (1.15b), (1.1a), (1.12d) and (1.11d), we get
i 1
Kj|€|m|n|s = Qimns Kj + blmns (n - 1) Vi — Qumns (C}rHir) + galmns (Rj —JYj R) (439)

1

( )I{’Imlnls T3 (Rj — Y R)|#|m|n|s ’
This shows that

Kj|€|m|n|s = Qmns Kj + Dimns n—-1) yi - (4.40)
If and only if
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(]T )Iflmlnls Aimns (C HT) (4.41)
and

(Rj Y R)mmnus = Qumns (Rj B R) '
Thus, we conclude

Theorem 4.9. In GWP-FRF, , the curvature tensor K; for (Cartan’s fourth curvature
tensor Kkh) is generalized four recurrent Finsler space if and only if the tensors (C‘ HJ) and

(R; — y; R) are four recurrent Finsler space, respectively.

5. Conclusions and future work

A Finsler space is called generalized W"-four recurrent space if it satisfies the condition (3.2).
In GWP-FR F,, , the WP-covariant derivative of the fourth order for Wely’s projective torsion
tensor W}, and Wely’s projective deviation tensor W} are given by (3.4) and (3.5). In GW"-
FRF, , some necessary and sufficient condition of Cartan’s third curvature tensor R}kh IS
generalized four recurrent if and only if the equation (4.6) is good hold, and the h(v)-torsion
tensor HL, is generalized four recurrent if and only if the equation (4.8) is good hold. In
GWP-FRF, , we get the same relationship between Wely’s projective torsion tensor and the
tensors Ry, and Kj,. In GWP-FR F,,, Cartan’s fourth curvature tensor Kj, is generalized
four recurrent if and only if the tensors (C/.Hyj,) and (8;R;n — g;iR}) are four recurrent
Finsler space. W"-covariant derivative of the fourth order for the K-Ricci tensor Kj, is
generalized four recurrent if and only if the tensors (C/.H},) and (Rj, — g;xR) are four
recurrent Finsler space.

Authors recommend the need for continuing research and development in generalized W"-
five recurrent Finsler spaces and interlard it with the properties of special spaces for Finsler

space.
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