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1. Introduction
Exton (1976) defined the quadruple hypergeometric function K14 by the following series:
K.(a,a,a,c,;b,c,c,,b;d,d,d,d;x,y,zt)

O (@inenip (C5)g (0)n (€0 (C5), me“zptq
= m’n%_o (d)m+n+p+q m! n! p!q! @
I'(a+n)

where (&), = =a(a+1)---(a+n—1) denotes the Pochhammer symbol.

The following integral representations of the function Ky4 is also given by Exton (1976):
Kus(a,a,a,c5:b,¢1,¢p,b;d,d,d,d; x, y,2,t)

- 1) i a-l,,b-1 d-a-b d-a-b-1
_F(a)l"(b)l“(d_a_b)l.! A-u) 7 @A-v)

x (L—ux)® (1L —uy) ™ (1—uz) ™% (1—ux — vt +uvt) " dudv, 2
where Re(a) >0, Re(b) >0, Re(d —a—b) >0, || +[t| <1 |y| <land |z| <1.

Ozergin et al. (2011) introduced the following extended beta function:
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a 1y - g P
B (x,y) =[ " a-1)? 11F1(“’ﬂ’_MJdt’ )

(Re(ex) > 0, Re(B) >0, Re(p) >0, Re(x) > 0, Re(y) > 0).
The special case of (3) when p =0, yields the classical beta function B(X,Yy) (see Srivastava
and Manocha (1984))

B(x,y) = joltxfl L—t)’* dt, Re(x) > 0, Re(y) > 0. (4)

Using the extended beta function given in (3), Ozergin et al. (2011) introduced the following
extended Gauss hypergeometric function:

© B{*A) (b+n,c—b) ;"
F(a!ﬂ) ,b, , — p ' R
e 2 O ey ©

(Re(c) > Re(b) > 0, z|< 1)

and obtained the following integral representation for the extended Gauss hypergeometric
function given in (5):

Fé""ﬂ) (a,b;c;z)

(1—t)°‘b‘1(Ht)‘%ﬁ(a;ﬂ;— P Jdt, (6)

_ 1 Jltb_l
B(b,c—b)40 )

(Re(p)>0; p=0and |arg(l-z) |< 7; Re(c) > Re(b) > 0).
The special case of (5) when p =0 yields the Gauss hypergeometric function ; Fl(a,b;c; Z)
(see Srivastava and Manocha (1984))
2 (2), (b)y 2"
Rabicz)=Y "0 c#0-1-2, 7)

= (©n n!
Recently various extensions of some hypergeometric functions of two and three variables are
considered (see Cetinkaya et al., 2016; Liu, 2014; Ozarslan and Ozergin, 2010; Shadab and Choi,
2017). In terms of the extended beta function given in (3), Liu (2014) defined the extended
Appell's function Flf’;j'ﬂ) and the extended Lauricella's function Féf’,ﬁ'ﬂ) as follows:

©» B@Pairm+nd-a)0).(C), x™ y"
FeP(ab, c;dix,y)= > —F ( ) O ©n X" y" ®
! o B(a,d -a) mt !

(Max{| x|,| y [} <1 Re(p) = 0)
and

FD(%a,ﬂ) (a’ b’ C, d ;e X, y1 Z)

= Bi*?(a+m+n+r,e—a)(b), (c),(d), x"y"z"

-3

m,n,r=0 B(a,e—a) min!r!

9)

(Max{| x[,| y [} <1 Re(p) = 0).
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The following integral representation of the extended Appell's function F”) and the
extended Lauricella's function FD‘?';‘"’) are also given by Liu (2014):

Flff)"ﬂ) (a,b,c;d;x,y)

mj 2L 1—1)d2L (1 xt) P A— yt)~ 1Fl[a T t)]dt (10)
and
F*” (a,b,c,d;e;Xx, y,z)
;j AT A x) Ayt -2t (a 13__] t (1)
B(a,e—a)-° Ty

The special case of (8) and (9) when p =0 vyields, respectively, Appell function F, and
Lauricella function F{® (see Srivastava and Manocha (1984))

& m+n b m n m n
F(a,b, c;d;xy)= ) @men Om ©n x™ y" (12)

m,n=0 (d)m+n m| nl

and
a)m+n+p(b)m (C)n(d)P Xm yn_ Z_p
®)nne mtnt pt

F(a,b,c,d;e;x,y,z) = (13)

3
=5
=M
o

—~

2. Extended Exton's Hypergeometric Function Kl(jf’pﬁ)

Here, we use the extended beta function given in (3) to define the extended Exton's
hypergeometric function ki) as follows:

K2 (a,a,a,¢5b,¢,C,,0:d,d,d,d;x, y,2,u)

2 BEA @rmanr,d—a+s)O)ps €)n(Ca)r (C3)sx™y"2 U

- m,n%:s:o B(a,d —a) (d —a) m!n!rls! ' (14)

The extended Exton's hypergeometric function Kl(j{f'pﬁ) given in (14) can be written as follows:

K (a,a,a,¢5b,¢,C,,0:d,d,d,d;x, y,2,u)

_Z(C3) s () F(3“ﬂ)(a b+s,c1,Cp; d+5xyz)— (15)
o (s
Remark 2.1. The special case C3 =d-a of (14) yields the following extended Exton's
hypergeometric function Kfj{‘pﬁ :

Kl(j‘f)(a,a,a,d —a;b,cy,cy,b;d,d,d,d;x,y,z,u)

2 Bl (@rman+r,d—a+s)(0) s )n(c2) X"y 208

- Z B(a,d —a)min!rls!

m,n,r,s=0

(16)

Remark 2.2. The case p =0 of (14) yields the original function K14 given in (1)
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ffdg)(a,a,a,c3;b,c1,cz,b;d,d,d,d;x,y,z,u)
=Ky (a,a,a,c3:b,0,¢,0;,d,d,d,d; x,y,2,u). (17)

3. Integral Representations

Theorem 3.1. The following integral representations for the extended Exton's hypergeometric
function K5 hold true:

K (a,a,a,c55b,¢,¢,,b;d,d,d,d; x, y,z,u)

1 - o c c
W[ LL—t)? 2 (L= xt) (L yt)  (L—zt) >
L u(-t)
X 2F1(C3,b,d—a, 1_th ( ﬂ—t(l t)jdt (18)
1

K (a,a,a,¢5b,c,,C,,b;d,d,d,d;x, y,2,u) =

B(a,d —a)B(b,d —a—b)
X[ [t - 1) T LX) -yt (- 2)

x(L—xt—us+ust)™ (a Bi— Mt )j dtds (19)

1
B(a,d —a)B(b,d —a—b)

Ejjta—l Sb—l (1_t)d—a—1 (1_ S)d—a—b—l (1_ yt)*t‘q (1_ Zt)—c2

of (x-us) ) ~
x (L—us) (1 (1—us)tj L 1(aﬂ —( _t)jdtds (20)

K (a,a,a,¢5b,c,,C,,b;d,d,d,d; X, y,2,u)

K2 (a,a,a,¢b,¢,¢,,b;d,d,d,d;x, y,z,u)=

o p— I%SinZa—l g COSZd—Zafl 9(1_ XSinZ 9)—b (1_ ySInZ 0)—C1 (1_ ZSinZ g)—cz
B(a,d —a)

2
x 2Fl(b,c:g;d —a;Mj f{a;ﬂ;—#}de (21)

1-xsin? 6 sin?@cos? 6
K (a,a,a, 03;b c,,C,,b;d,d,d,d;x,y,z,u)

—B(ad Sk e T @ 00 W ) A - D))

d_q_ Y pL+&)°
xZFl[b,cg,d a,1+(1_x)§} ( B : jdrf (22)

Proof. of (18). Using (3) on the right-hand side of (14) and interchanging the order of
summation and integration, we have:

K (a,a,a,¢55b,¢,¢,,b;d,d,d,d; x, y,z,u)
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L g gyeeny 00, 0A-0) [Z (b+5), (xt)mj

" B(a,d—a)% ~ d-a).s (& m

(), (yt) & (), (2t) B
[Z j(z T J [ﬂ - t)jdt’

which on using the followmg result (Srivastava and Manocha (1984)):
Z(a)n —=1-%"7, (23)

yields the desired result (18). The integral representation (19) can be obtained easily from (18)
by using the following integral representations of ,F(a,b;c;x) (Srivastava and Manocha,
1984):

,Fi(a,b;c;x)= ﬁf " 11— P T a—xt)y2dt | (24)

Also, the integral representation (20) can be obtained directly from (18) if we use the
following relation:

(L—xt—z(1—t))@ = (1—z)a(1—%j : (25)
Finally, the integral representations (21) and (22) can be easily obtained by taking the
transformations t =sin’@ and { = E in (18) respectively. This completes the proof of
Theorem 3.1.

Remark 3.1. The special case C3 =d -a of (18), (21) and (22) yields the following results:

Kl(j‘pﬂ)(a a,a,d —a;b,c;,cy,b;d,d,d,d;x,y,z,u)

1 al d-a-1 — —c
_ 1-t 1-xt—u(l-t 1-yt) *@Q—zt)™
=B a)j @-1)*"( @-1)°@L-y) ™ (L-zt)
dt, 26
[ P t)] =
Kl(j‘f)(a a,a,d —a;b,c;,cy,b;d,d,d,d;x,y,z,u)
2 % i 2a-1 2d-2a-1 s 2 2 gy-b § 2 gy-C
=————|’sin“ @ cos O(1—xsin“@—ucos” )" (1-ysin“g) ™
B@ﬂ—mL ( ) (- ysin® 0)
X(l_zsng)czlp{a;ﬁ;_mjdg @)

and

K{§#(a,a.a,d-ab,c;,cp,b;d,d,d,d;x,y,2,u)

mj E @+ (L (L= XE —u) T+ (- y)E)

><(l+(l—2)5)_°21F1(a;ﬁ;—MJd§- (28)

4
Remark 3.2. The case p =0 of (19) yields the integral representation given in (2).

©2023 SHABWAH UNIVERSITY JOURNAL 214



SHU Journal for Humanities and Applied Sciences Lol 1y &sluayl 8 ol 550 Ansle 32
Volume 1, Issue 1, June 2023, pp.210-220

220-210 o <2023 530 < Jod) saall ¢ Jo¥) Al
https:/ /shu.edu.ye o 2023 i ol S A2

4. Recurrence Relations
Theorem 4.1. The following recurrence relations for the extended Exton's hypergeometric

function K{§#) holds true:

a.p)  PB(@-le-a-1)
4p B(a,e—a)

x Kl(Z'f)(a—l,a—l,a—l,e—a—l;b,c,d,b;e—2,e—2,e—2,e—2;x, y,z,u)=0 (29)

(i) B-a)KGP -akGH +(@2a-pKS

.. _ B(a-le-a-1
(ii) ﬂKl(jf'f)—ﬂKl(jfpl'ﬁ)+ PB( )

B(a,e—a)
x Kl(jf'f+1)(a—1,a—l,a—l,e—a—l;b,c,d,b;e—2,e—2,e—2,e—2; X,Y,2,u)=0 (30)
(ii)) (B-a-DKGD +a kG —(B-DKEID =0 (31)

: K@D (g K @1 _(p_plep-y _PB@-le-a-l)
(iv) (a 1)K14’p +(B a)K14,p v 1)K14vp B(a,e—a)

xKl(jf'f)(a—l,a—l,a—l,e—a—l;b,c,d,b;e—2,e—2,e—2,e—2;x,y,z,u)=0 : (32)
where K =K{{(a,a,a,e-ab,c.d bieeeexy,zu).

Proofs. To prove our results in Theorem 4.1, we require the following recurrence relations
of the confluent function ,F, (Luke, Y. L., 1969):

(B-a) Fla-1p2)-a Fla+Lp,2)+(a-B+12),F(a;8;2)=0 (33)
B 1F1(a;ﬂ; Z)_ﬂ 1F1(0‘_1;13; Z)_ z 1F1(a;ﬂ+1; Z) =0 (34)
(B-a-1,F(apiz)+a Fla+Lpi2)- (-1 Rl f-12)=0 (35)
(a+2-1) R B;2)+(B-a) Fla-L82)-(B-1) F(a; f-12)=0. (36)

Proof. of (29). Replacing z by - in (33), multiplying both sides by

ti-t)
t At -xt —u(l—t)) @ - yt) °(1—zt) ™ /B(a,e —a) and integrating the resultant
equation with respect to t between the limits 0 to 1, we get

ﬂ_a 1 aa e—a-1 b —C —d . 2. p
B [ @0 @-xt-u@-10)*@-y) “@-2)*, Fo 1 iy )dt

(24 1a—l e—-a-1 -b —C —d .- 0 p
“Bae—a [t @0 @ xt—u@-1) @~y @ 2t) Flo + 1 iy Jot
20—

e e ey bt DT K —ua-0) A YOS (- 2t F o i et

P [ - b - ~d v
By bt A0 XU 0) Py f -2y 1Rl -0
which on using the integral representation (26), yields the desired result (29).

The results (30), (31) and (32) can be proved by a similar method as in the proof of (29) and
we use here the recurrence relations (34), (35) and (36).
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5. Generating Functions
Theorem 5.1. The following generating functions for the extended Exton's hypergeometric

function K5 hold true:

Z(C3)ktk @A (a,a,a,c, +k;b,c,c,,b;d,d,d,d; x
14p 1d, L3 '1112"1”1’y’z1u)

=(1-t) " Kl‘j‘pﬂ)(a,a,a,c3;b,cl,c2,b;d,d,d,d;x, Y, zlu—t] (37)

N (b)k tk
> K&P(a,a,a,c0+K,¢;,c, b +k;d,d,d,d;x,y,z,u)
k=0 !

=@1-t)" Kl(jf’pﬁ)(a 8,8,653b,¢, ¢, b;d d,d di =y, 2, ”J (38)
Z KP(a,a,a,¢5b,¢ +k,c,,b;d,d,d,d; X, y,z,u)
k=0
=(1-t)™ Kl(j’f’[a a,a, cs,b,cl,cz,b;d,d,d,d;x,%,z,u) (39
k
Z (Cz)k t 1§‘pﬂ) a,a,a,Cc,;b,c,C, +k,b;d,d,d,d;x,y,z,u)
-ty Kl(j‘f)(a,a,a,cs;b,cl,cz,b;d,d,d,d;x,y,ﬁ,uj- (40)
Proof. of (37). Using (14) in the L.H.S. of equation (37), we get
k
Z (C3)k ¢ 1}{‘pﬂ) a,a,a,c, +k;b,c,c,,b;d,d,d,d;x,y,z,u)
_ i B;()aﬂ)(a+m+n+r!d _a+s)(C3)5+k(b)m+s(cl)n(c2) menzrust
S B(a,d —a) (d —a), m!n!r!sk!
_ i Bi*(@a+m+n+r,d—a+5s)(C,),(b) s (C)n(C,), xmy”zrusi(c +s) t
M e=0 B(a,d —a)(d —a);m!n!r!s!

which on using (23), we obtain the desired result (37).

The generating functions (38), (39) and (40) can be proved by a similar method as in the proof
of (37).

Remark 5.1. Setting p =0 in (37), (38), (39) and (40), we get a known results of Chandel
and Tiwari (1991).

Theorem 5.2. The following generating functions for the extended Exton's hypergeometric
function K% hold true:

®© k
> A K{“P(a,a,a,-k;b,c,,c,,b;d,d,d,d;x,y,z,u)

o k! e

—(-t)*KeP( aaa ib,c.c, bd,d,d,d:x,y,z, 1t (41)
14,p 11 G 1—t
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k
Z (/1)" LK (@,a,a,6-k, 6,6, —kid,d.d,dix, v, 2,u)

14,p

=(1-t) Kfff)[a a,a,c,4,¢,¢,,4;d,d,d, d = ,y, ,‘“n (42)
i (/1)k"|tk K& (a,a,a,¢5b,-k,c,,b;d,d,d,d;x,y,z,u)
~ Kl

=@1-t)* Kl(jf'f)[a, a, a,cg;b,/l,cz,b;d,d,d,d;x,ITy:,z,uj (43)
3 (ﬂ)k ¥ ke (a,a,8,0b,6,k bid,d,d,0:x,,2,0)
~ ki

=(1-t)" Kl‘jf'p/’)(a,a,a,c3;b,cl,/l,b;d,d,d,d;x,y,%,u). (44)

Proof. of (41). In the L.H.S. of equation (41) expressing K52’ as in (14) and using the results
(Srivastava and Manocha, 1984)

O AL P Y AR =SS AKk) (@)

(n—k)! n=0 k=0 n=0 k=0
we obtain:
k
Z @)k L k& (a,a,a,-k:b,c,,c,,b:d,d,d,d:x, ,2,U)
~ i Bi(@a+m+n+r,d—a+5) (A),s(0) . (), (C,), X"y 2" (-u)°t***
_m,n,r,s,k=o B(a,d —a)(d —a), m! niristk!
_ & BYP@tmen+rd-a+s) (A),(0)n. (), (C) X"y"2" (-ut)’
e B(a,d —a)(d —a), m! nirstk!
2 (A +5s),
XZ—| ,

which on using (23), we obtain the desired result (41) .
The generating functions (42), (43) and (44) can be proved by a similar method as in the proof
of (41).

6. Transformation and Summation Formulas
Theorem 6.1. The following transformation formula for the extended Exton's hypergeometric

function K{§#) holds true:

Kl(j‘f)(a,a,a,d —a;b,cy,¢y,b;d,d,d,d; X, y,z,u)

:(1—u)‘b Fé?j’g"ﬁ) (a,b,cl ,Co; d ;%,y,z] . (46)
Proof. Using (25) in (26), we have

Kl(g‘f)(a,a,a,d —a;b,cy,¢y,b;d,d,d,d;x,y,z,u)

(1 U) p d-a-1 X-u C —C, _ p
~Bed-3 ! L(1-1) (1 (Hjj 1—yt) ™ (1-1zt) F(aﬂ a0 t)j dt,
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which by using (11), yields the desired result (46).

Remark 6.1. The special case u=x of (46) yields the following result:
Kl(Z'f)(a,a,a,d —a;b,cy,¢p,b;d,d,d,d;x,y,2,x)

b , o -
=(@0-07" RSP (ac 00 d 5y2) (47)
Remark 6.2. For p =0, equation (46) reduces to a known result Exton, H. (1976)

Kis(a,a,a,d -a;b,c,cy,b;d,d,d,d;x,y,2,u)

=(1-u)™® Fés)(a,b,ol,cz . d ;%,y,z]- (48)

Theorem 6.2. The following summation formulas for the extended Exton's hypergeometric
function K5 holds true:

K (a,a,a,c;b,c,,¢,,0:d,d,d,d;1111)

__ I(d)r(d-a-b-cs) @B g o v "
F@I(d-a-b)(d—a_cy) P (vd-a-b=a=c) (49)

K& (a,a,al-b;b,c,c,,b;d,d,d,d;111,2)
r@)rid-1ardd-1a+HBl*A(a,d-a-b-c -c,)

F@(d-a)r(id-3a+ib)r(bd—la—lb+l) (50)
Proof of (49). Setting Xx=y=2z=u=1 in(18) and using the following formula
Rainville (1960):
JFy(a,bic ; 1)= Q€ -a=h) (51)

" T(c—-a)(c-b)’
we get:

K (a,a,a,c5b,cp,C,,0:d,d,d,d;1111)

. T(AIr@-a-b-c) a4 dabo-c D
" T(a)r'(d —a-b)r(d —a—cs)g ey ﬁ(mﬁ, ) t)) dt, (52)

which by using (3), yields the desired result (49).
The proof of (50) is similar to that of (49) and we use the following formula (Rainville, 1960):

IFGerGe+3)
F(bc+ia(Ge-ta+d)’
Remark 6.3. Setting p =0 in (49) and (50), we get respectively the following known
summation formulas of Exton's function K, (Atash and Bellehaj, 2020):
K.(aa,acyb,c,c,,b;d,d,d,d;1111)

:F(d)F(d—a—b—c3)F(d—a—b—c1—02) (54)
r'd-a-b)rd-a-c,)I'(d-b-c,—c,)

,F(a,1-a;c;1)=

(53)

and
K.(a,a,al-b;b,c,c,,b;d,d,d,d1111)
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__ Ndr@-a-b-g-c)rd-ja)(d-ja+} (55)
I(d-a)[(d-b—c,—c)[(d—ta+ib)l(Ad—ta—1b+1)

7. Conclusion

In the present paper, we have extended the known Exton's quadruple hypergeometric function
K, by using the extended Euler's beta function obtained earlier by Ozergin et al. (2011). For

this new extended function Kl(Z‘pﬂ ), we have obtained various properties such as integral

representations, recurrence relations, generating functions, transformation formulas and
summation formulas. Furthermore, some known results for the quadruple hypergeometric

function K, are also given as special cases of our main formulas. The method used in this
paper can be applied to extend many other hypergeometric functions given in the literature.
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