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1. Introduction 

Exton (1976) defined the quadruple hypergeometric function 14K by the following series:  
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a n  denotes the Pochhammer symbol. 

The following integral representations of the function 14K  is also given by Exton (1976): 
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where  .11,1,0)Re(,0)Re(,0)Re( +−− zandytxbadba                                          

Özergin et al. (2011) introduced the following extended beta function: 
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The special case of (3) when 0=p , yields the classical beta function ),( yxB  (see Srivastava 

and Manocha (1984))  
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Using the extended beta function given in (3), Özergin et al. (2011) introduced the following 

extended Gauss hypergeometric function: 
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)1||,0)Re()(Re(  zbc  

and obtained the following integral representation for the extended Gauss hypergeometric 

function given in (5): 
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The special case of (5) when 0=p  yields the Gauss hypergeometric function ( )zcbaF ;;,12   
(see Srivastava and Manocha (1984))  
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Recently various extensions of some hypergeometric functions of two and three variables are 

considered (see Çetinkaya et al., 2016; Liu, 2014; Özarslan and Özergin, 2010; Shadab and Choi, 

2017). In terms of the extended beta function given in (3), Liu (2014) defined the extended 

Appell's function ),(
,1


pF

 
and the extended Lauricella's function ),,3(

,



pDF  as follows: 
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The following integral representation of the extended Appell's function ),(
,1


pF

 
and the 

extended Lauricella's function ),,3(

,



pDF   are also given by Liu (2014): 
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The special case of (8) and (9) when 0=p  yields, respectively, Appell function 1F  and 

Lauricella function )3(
DF  (see Srivastava and Manocha (1984)) 
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2.   Extended Exton's Hypergeometric Function 
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Here, we use the extended beta function given in (3) to define the extended Exton's 

hypergeometric function ),(
,14
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pK  as follows: 
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The extended Exton's hypergeometric function ),(
,14

pK  given in (14) can be written as follows: 
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Remark 2.1.   The special case adc −=3  of (14) yields the following extended Exton's 

hypergeometric function ),(

,14



pK : 
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Remark 2.2. The case 0=p  of (14) yields the original function 14K given in (1) 
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3.   Integral Representations 

Theorem 3.1. The following integral representations for the extended Exton's hypergeometric 

function ),(
,14
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pK  hold true: 
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Proof. of (18). Using (3) on the right-hand side of (14) and interchanging the order of 

summation and integration, we have: 

( )uzyxddddbccbcaaaK p ,,,;,,,;,,,;,,, 213

),(

,14



 

https://shu.edu.ye/


14K Exton's Quadruple Hypergeometric Function Extension of 

 

Atash & Bellehaj 

 

©2023 SHABWAH UNIVERSITY JOURNAL 214 

 

                   








 +

−

−
−

−
=



=



=

−−−
1

0
00

311

!

)()(

!)(

))1(()()(
)1(

),(

1

m

m

m

s s

s

ssada

m

xtsb

sad

tucb
tt

adaB
 

                     dt
tt

p
F

r

ztc

n

ytc

r

r

r

n

n

n










−
−




















 



=



= )1(
;;

!

)()(

!

)()(
11

0

2

0

1  , 

which on using the following result (Srivastava and Manocha (1984)):
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yields the desired result (18). The integral representation (19) can be obtained easily from (18) 

by using the following integral representations of ( )xcbaF ;;,12  (Srivastava and Manocha, 

1984):  
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Also, the integral representation (20) can be obtained directly from (18) if we use the 

following relation: 
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Finally, the integral representations (21) and (22) can be easily obtained by taking the 

transformations 2sin=t  and 
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t  in (18) respectively. This completes the proof of 

Theorem 3.1. 

Remark 3.1. The special case adc −=3  of (18), (21) and (22) yields the following results: 
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Remark 3.2. The case 0=p  of (19) yields the integral representation given in (2).         
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 4.    Recurrence Relations 

Theorem 4.1. The following recurrence relations for the extended Exton's hypergeometric 

function ),(
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(i)   
),(

)1,1(
)2()(

),(
,14

),1(
,14

),1(
,14 aeaB

aeapB
KKK ppp −

−−−
−−+−−

+− 
  

       
( ) 0,,,;2,2,2,2;,,,;1,1,1,1

),(
,14 =−−−−−−−−− uzyxeeeebdcbaeaaaK p
                           (29) 

(ii)   
),(

)1,1(),1(
,14

),(
,14 aeaB

aeapB
KK pp −

−−−
+−

− 
  

         
( ) 0,,,;2,2,2,2;,,,;1,1,1,1

)1,(
,14 =−−−−−−−−−

+
uzyxeeeebdcbaeaaaK p

                       (30) 

(iii)   0)1()1(
)1,(

,14
),1(

,14
),(

,14 =−−+−−
−+ 

 ppp KKK                                                         (31) 

(iv)   
),(

)1,1(
)1()()1(

)1,(
,14

),1(
,14

),(
,14 aeaB

aeapB
KKK ppp −

−−−
−−−−+−

−− 
  

          ( ) 0,,,;2,2,2,2;,,,;1,1,1,1
),(

,14 =−−−−−−−−− uzyxeeeebdcbaeaaaK p
 ,                      (32) 

where ( )uzyxeeeebdcbaeaaaKK pp ,,,;,,,;,,,;,,,
),(

,14
),(

,14 −=
 . 

Proofs.   To prove our results in Theorem 4.1, we require the following recurrence relations 

of the confluent function 11 F  (Luke, Y. L., 1969): 
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which on using the integral representation (26), yields the desired result (29). 

The results (30), (31) and (32) can be proved by a similar method as in the proof of (29) and 

we use here the recurrence relations (34), (35) and (36).  
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5.  Generating Functions 

Theorem 5.1. The following generating functions for the extended Exton's hypergeometric 

function ),(
,14

pK  hold true: 
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Proof. of (37). Using (14) in the L.H.S. of equation (37), we get 
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which on using (23), we obtain the desired result (37). 

The generating functions (38), (39) and (40) can be proved by a similar method as in the proof 

of (37). 

Remark 5.1. Setting 0=p  in (37), (38), (39) and (40), we get a known results of Chandel 

and Tiwari (1991). 

Theorem 5.2. The following generating functions for the extended Exton's hypergeometric 

function ),(
,14

pK  hold true: 
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Proof. of (41). In the L.H.S. of equation (41) expressing ),(
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pK as in (14) and using the results 

(Srivastava and Manocha, 1984) 
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we obtain:  
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which on using (23), we obtain the desired result (41) . 

The generating functions (42), (43) and (44) can be proved by a similar method as in the proof 

of (41). 

6.  Transformation and Summation Formulas 

Theorem 6.1. The following transformation formula for the extended Exton's hypergeometric 

function ),(
,14

pK  holds true: 
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Proof.   Using (25) in (26), we have 
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which by using (11), yields the desired result (46). 

Remark 6.1.  The special case xu =  of (46) yields the following result: 
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Remark 6.2.   For 0=p , equation (46) reduces to a known result Exton, H. (1976) 
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Theorem 6.2. The following summation formulas for the extended Exton's hypergeometric 

function ),(
,14
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pK  holds true: 
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Proof of (49).  Setting 1==== uzyx  in (18) and using the following formula 

Rainville (1960): 

                                  
( )

)()(

)()(
 1;;,12

bcac

bacc
cbaF

−−

−−
= ,                                                 (51)   

we get: 
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which by using (3), yields the desired result (49). 

The proof of (50) is similar to that of (49) and we use the following formula (Rainville, 1960): 
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Remark 6.3.   Setting  0=p  in (49) and (50), we get respectively the following known 

summation formulas of Exton's function 14K (Atash and Bellehaj, 2020): 
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7.   Conclusion 

In the present paper, we have extended the known Exton's quadruple hypergeometric function

14K by using the extended Euler's beta function obtained earlier by Özergin et al. (2011). For 

this new extended function 
),(

,14

pK , we have obtained various properties such as integral 

representations, recurrence relations, generating functions, transformation formulas and 

summation formulas. Furthermore, some known results for the quadruple hypergeometric 

function 14K  are also given as special cases of our main formulas. The method used in this 

paper can be applied to extend many other hypergeometric functions given in the literature. 
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